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Abstract 



The notion of a complex equifocal submanifold in a Riemannian symmetric space 
of non-compact type has been recently introduced as a generalization of isoparametric 
hypersurfaces in the hyperbolic space. As its subclass, the notion of a proper complex 
equifocal submanifold has been introduced. Some results for a proper complex equifo- 
0\I ■ cal submanifold has been recently obtained by investigating the lift of its complete 

1^ \ complexification to some path space. In this paper, we give a new construction of the 

complete complexification of a proper complex equifocal submanifold and, by using 
the construction, show that leaves of focal distributions of the complete complexifi- 
cation are the images by the normal exponential map of principal orbits of a certain 
kind of pseudo-orthogonal representation on the normal space of the corresponding 
focal submanifold. 
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1 Introduction 

C.L. Terng and G. Thorbergsson [TTl] introduced the notion of an equifocal submanifold 
in a Riemannian symmetric space , which is defined as a compact submanifold with globally 
flat and abelian normal bundle such that the focal radii for each parallel normal vector 
field are constant. This notion is a generalization of isoparametric sub manifolds in the 
Euclidean space and isoparametric hypersurfaces in the sphere or the hyperbolic space. For 
(not necessarily compact) submanifolds in a Riemannian symmetric space of non-compact 
type, the equifocality is a rather weak property. So, we [Kl,2] introduced the notion of 
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a complex focal radius as a general notion of a focal radius and defined the notion of 
a complex equifocal submanifold as a submanifold with globally flat and abelian normal 
bundle such that the complex focal radii for each parallel normal vector field are constant 
and that they have constant multiplicties. E. Heintze, X. Liu and C. Olmos [HLO] defined 
the notion of an isoparametric submanifold with flat section as a submanifold with globally 
flat and abelian normal bundle such that the sufficiently close parallel submanifolds are of 
constant mean curvature with respect to the radial direction. The following fact is known 
(see Theorem 15 of [K2]): 

All isoparametric submanifolds with Eat section are complex equifocal and, conversely, 
all curvature-adapted and complex equifocal submanifolds are isoparametric submanifolds 
with flat section. 

Furthermore, as its subclass, we [Kl,2] introduced the notion of a proper complex equifocal 
submanifold. For a proper complex equifocal submanifold, the following fact is known 

([K3]): 

Principal orbits of Hermann type actions on a Riemannian symmetric space of non- 
compact type are curvature-adapted and proper complex equifocal. 

For a (general) submanifold in a Riemannian symmetric space of non-compact type, the 
(non-real) complex focal raidii are defined algebraically. We needed to find their geomet- 
rical essence. For its purpose, we defined the complexification of the ambient Riemannian 
symmetric space and defined the extrinsic complexification of the submanifold as a certain 
kind of submanifold in the complexified symmetric space, where the original submanifold 
needs to be assumed to be complete and real analytic. In the sequel, we assume that all 
submanifolds in the Riemannian symmetric space are complete and real analytic. We [K2] 
showed that the complex focal radii of the original submanifold indicate the positions of 
the focal points of the complexified submanifold. If the original submanifold is complex 
equifocal, then the extrinsic complexification is an anti-Kaehlerian equifocal submanifold 
in the sense of [K2]. Also, if the original submanifold is proper complex equifocal, then 
the complexified one is a proper anti-Kaehlerian equifocal submanifold in the sense of 
this paper. Thus, the study of an anti-Kaehlerian equifocal (resp. proper anti-Kaehlerian 
equifocal) submanifold leads to that of a complex equifocal (resp. proper complex equifo- 
cal) submanifold. The complexified submanifold is not necessarily complete. In the global 
research, we need to extend the complexified submanifold to a complete one. In [K2], we 
obtained the complete extension of the complexified submanifold in the following method. 
We first lifted the complexified submanifold to some path space (which is an infinite dimen- 
sional anti-Kaehlerian space) through some submersion, extended the lifted submanifold 
to the complete one by repeating some kind of extension infinite times and obtained the 
complete extension of the original complexified submanifold as the image of the complete 
one by the submersion. In this paper, we give a new construction of the complete exten- 
sion of the complexified submanifold without repeating infinite times of processes (see the 
proof of Theorem B) and investigate the detailed structure of the complete extension in 
terms of the new construction. First we prove the following fact for an anti-Kaehlerian 



equifocal submanifold. 

Theorem A. Let M be an anti-Kaehlerian equifocal submanifold in a semi-simple anti- 
Kaehlerian symmetric space of non-positive (or non-negative) curvature having a focal 
submanifold F. If the sections of M are properly embedded, then M is an open po- 
tion of a partial tube over F whose each fibre is the image by the normal exponential 
map of a principal orbit of a pseudo-orthogonal representation on the normal space of F 
which is equivalent to the direct sum representation of an aks-represenation and a trivial 
representation . 

Remark 1.1. (i) For a focal submanifold F of M, we call (exp-*- \rp±p)~^{eyiY>'^{T^F) PlM) 
(rather than exp-'-(r^i<')nM) the slice of M. This theorem states that slices of a complete 
anti-Kaehlerian equifocal submanifold are homogeneous. 

(ii) The dual action H* of a Hermann type action H on a, Riemannian symmetric 
space G/K of non-compact type is a Hermann action on the compact dual G* /K of G/K, 
where G is assumed to be a connected semi-simple Lie group admitting a faithful real 
representation. Note that the existence of the dual action H* is assured by replacing 
H by the conjugate group if necessary. Hence the sections of the H*-act\on are flat tori. 
From this fact, we see that the sections of the //^-action on G^ jK'^ are properly embedded, 
where H^ is the complexification of H and G^ jK^ is the anti-Kaehlerian symmetric space 
associated with G/K. On the other hand, the principal orbits of the i^'^-action are proper 
anti-Kaehlerian equifocal. Thus the principal orbits are submanifolds as in the statement 
of Theorem A. 

(iii) This result is an analogy of that of M. Briick [B] for an equifocal submanifold in 
a simply connected Riemannian symmetric space of compact type. 

In [K4,5], we proved some global results for a proper complex equifocal submanifold 
by investigating the lift of the complete complexification of the submanifold to some path 
space through some submersion. Thus, in the global study of a proper complex equifocal 
submanifold, it is important to investigate the detailed structure of its complete complex- 
ification. By using Theorem A, we obtain a new construction of the complete complexifi- 
cation of a proper complex equifocal submanifold (see the proof of Theorem B). From the 
construction and Theorem A, we obtain the following homogeneous slice theorem for the 
complete complexification of a proper complex equifocal submanifold. 

Theorem B. Assume that the sections of the complexification of a proper complex equifo- 
cal submanifold M in a Riemannian symmetric space G/K of non-compact type are prop- 
erly embedded. Then the following statements (i) and (ii) hold: 

(i) Each leaf of any focal distribution of the complete complexification M^ of M is 
the image by the normal exponential map of a principal orbit of a pseudo-orthogonal 
representation on the normal space of a focal submanifold which is equivalent to the 
direct sum representation of an aks-representation and a trivial representation. 



(ii) Let Eq be the disribution on W defined by {Eo)x ■= n (Ker R^'i-, v)v n Ker A^) 

(x G M'^), where i?^ is the curvature tensor of G^/K'^ and A^ is the shape tensor of M^. 
Then there exists a family {Ei \i = 1,- ■ ■ ,k} of focal distributions of M^ such that the 
leaves of Ei (i = 1,- ■ ■ ,k) are the images by the normal exponential map of complex 

k 

spheres in the normal spaces of focal submanifolds and that Eq (B Y2 -^i ~ TM'^ holds. 

For a curvature-adapted and proper complex equifocal submanifold, we obtain the 
following fact in terms of Theorem B. 

Theorem C. het M be a proper complex equifocal submanifold in a Riemannian sym- 
metric space of non-compact type as in Theorem B and {Eq,- ■ ■ ,Ek} be as in the state- 
ment (ii) of Theorem B. Assume that M is curvature- adapted. Then E^ := Ei\M H TM 
(i = 0,- ■ ■ ,k) are integrable distributions on M, leaves of E^ are half-dimensional totally 

k 

real submanifolds of leaves of Ei and TM = E^ © ^ E^, where Ei\M is the restriction 

i=l 

of Ei to M. 

Remark 1.2. B. Wu ([W2]) showed that leaves of curvature distributions of a complete 
isoparametric submanifold in a hyperbolic space are totally umbilic spheres, totally umbilic 
hyperbolic spaces or horoshperes, where we note that the complexifications of a totally 
umbilic sphere and a totally umbilic hyperbolic space are totally anti-Kaehlerian umbilic 
complex spheres in the complexification (which is a complex sphere) of the ambient hyper- 
bolic space. See [K2] about the definition of the totally anti-Kaehlerian umbilicity. Thus 
the statement of Theorem C is interpreted as an analogy of this result by B. Wu. 

Future plan of research. By using Theorem B, we will investigate whether the com- 
plete complexifications of proper complex equifocal submanifolds are homogeneous. Also, 
by using Theorems B and C, we will investigate whether curvature-adapted and proper 
complex equifocal submanifolds are homogeneous. 

2 Basic notions 

In this section, we recall basic notions introduced in [Kl~3]. We first recall the notion of 
a complex equifocal submanifold introduced in [Kl]. Let M be an immersed submanifold 
with abelian normal bundle (i.e., the sectional curvature for each 2-plane in the normal 
space is equal to zero) of in a symmetric space N = G/K of non-compact type. Denote 
by A the shape tensor of M. Let v G T^M and X G T^M {x = gK). Denote by 7„ the 
geodesic in N with 7t,(0) = v. The strongly M-Jacobi field Y along 7^ with l'(O) = X 
(hence Y'{Qi) = —A^X) is given by 

Y{s) = (P,„|(„,, o {Df, - sDZ o A,))iX), 



resp. D^^ = g*o _^ - — o g^ 



where ^'(0) = V^Y, P-y^i.^ , is the parallel translation along 7^1 [o,s] and Dg° (resp. Z)| 
is given by 

Dsv = 9*° cos(\/^ad(s5^^v)) o g-^ 

sm(y /^ad{sg~^v )) ^ ^_-^" 

-lad{sg^ v) 

Here ad is the adjoint representation of the Lie algebra q of G. All focal radii of M along 
7„ are obtained as real numbers sq with Ker(L'^°„ — so-D|,% o ^t,) / {0}. So, we call a 
complex number zq with Ker(Z)^°^ — ZQDf o^^) 7^ {0} a complex focal radius of M along 
7„ and call dimKer(L'^°i, — z^Df^.^ o A^) the multiplicity of the complex focal radius zq; 
where -D^?^ (resp. -D|* ) is a C-linear transformation of (TxN)^ defined by 

DZv = S' ° cos(^M:ad«(z„9,-'<')) ° (9^)"' 
(re=p. O" = ,: o -■n(v^^°(.o_,.-'.)) „ ,^ A _ 
V V-lad'^(2;ofi'* v) J 

where g^ (resp. ad'^) is the complexification of 5* (resp. ad). Here we note that, in 
the case where M is of class C^ , complex focal radii along 7^ indicate the positions of 
focal points of the extrinsic complexification M^(^^ G^/K^) of M along the complexified 
geodesic 7f^„, where G'^/K^ is the anti-Kaehlerian symmetric space associated with G/K 
and i is the natural immersion of G/K into G^/K^. See the following paragraph about the 
definitions of G'^/K^, M'^("^^ G^/K^) and 7^^^. Also, for a complex focal radius zq of M 
along 7^, we call zqv (g (T^M)^) a complex focal norm^al vector of M at x. Furthermore, 
assume that M has globally flat normal bundle (i.e., the normal holonomy group of M 
is trivial). Let w be a parallel unit normal vector field of M. Assume that the number 
(which may be 00) of distinct complex focal radii along 7^;^ is independent of the choice 
of X G M. Let {ri^x N = 1) 2, • • •} be the set of all complex focal radii along 7^)^, where 
\ri,x\ < \ri+i,x\ or "\ri^x\ = ki+i,a;| & Reri,^; > Rerj+i,^" or "\ri^x\ = \ri+i,x\ & Reri^x = 
Rerj+i^a; &: Imri^x = — Im''i+i,x < 0". Let r^ (i = 1,2,---) be complex valued functions 
on M defined by assigning ri^x to each x G M. We call these functions r^ {i = 1, 2, • • •) 
complex focal radius functions for v. We call riV a complex focal normal vector field for 
V. If, for each parallel unit normal vector field i; of M, the number of distinct complex 
focal radii along 7^^ is independent of the choice of x G M, each complex focal radius 
function for v is constant on M and it has constant multiplicity, then we call M a complex 
equifocal suhmanifold. Let (f) : -^''([0, 1],0) ^ G be the parallel transport map for G. See 
Section 4 of [Kl] about the definition of the parallel transport map. This map is a 
pseudo-Riemannian submersion. Let tt : G ^ G/K be the natural projection. It follows 
from Theorem 1 of [K2] that, M is complex equifocal if and only if each component of 
(vr o (j))^^[M) is complex isoparametric. See Section 2 of [Kl] about the definition of a 
complex isoparametric submanifold. In particular, if each component of (vr o 0)~^(M) 
is proper complex isoparametric (i.e., complex isoparametric and, for each unit normal 
vector f , the complexified shape operator A'^ is diagonalizable with respect to a pseudo- 
orthonormal base), then we call M a proper complex equifocal suhmanifold. For a complex 
equifocal submanifold, the following fact holds: 



For a curvature-adapted and complex equifocal suhmanifold M, it is proper complex 
equifocal submanifold if and only if it has no focal point of non-Euclidean type on the 
ideal boundary of the ambient symmetric space. 

Here the curvature- adaptedness means that, for each unit normal vector v, the Jacobi 
operator R{-,v)v {R :the curvature tensor of G/K) prerserves the tangent space invari- 
antly and it commutes with the shape operator A^. See [K6] about the detail of the notion 
of a focal point of non-Euclidean type on the ideal boundary. 

Next we recall the notions of an anti-Kaehlerian symmetric space associated with a 
symmetric space of non-compact type which was introduced in [K2]. Let J be a parallel 
complex structure on an even dimensional pseudo-Riemannian manifold (M, ( , )) of half 
index. If {JX, JY) = -{X,Y) holds for every X,Y e TM, then (M, ( , ), J) is called an 
anti-Kaehlerian manifold. 
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Let N = G/K be a symmetric space of non-compact type and (g, a) be its orthogo- 
nal symmetric Lie algebra. Let g = f + p be the Cartan decomposition associated with 
a symmetric pair {G,K). Note that f is the Lie algebra of K and p is identified with 
the tangent space T^k^, where e is the identity element of G. Let ( , ) be the Ad(G)- 
invariant non-degenerate inner product of 5 inducing the Riemannian metric of N and a 
be a maximal abelian subspace of p and p = a + ^ Pa be the root space decomposi- 



tion with respect to a, that is, p^ = {X G p | ad(a) (X) 



2/ 



a(a] 



^'X for all a G a}. Let 



g*^, f*^, p*^, a^ p^ and ( , )'^ be the complexifications of g, f, p a pa and ( , ), respectively. 
If ^ and f^ are regarded as real Lie algebras, then (g'^,f^) is a semi-simple symmetric 
pair, a is a maximal split abelian subspace of p'^ and p'^ = 0^ -|- ^ p^ is the root space 

decomposition with respect to 0. Here we note that 0^ is the centralizer of a in p'^ and 
p^ = {X G p'^ I (ad(a)'')2(X) = a{afX for all a G 0}. See [R] and [OS] about general the- 
ory of a semi-simple symmetric pair. Let G^ (resp. i^^) be the complexification of G (resp. 
K\ The 2-multiple of the real part Re( , )^ of ( , )^ is the Killing form of g^ regarded as a 
real Lie algebra. The restriction 2Re( , )^|pcxpc is an Ad(i^^)-invariant non-degenerate in- 
ner product of p^ (= Tg^K^{G^ /K'^)). Denote by ( , )' the C^-invariant pseudo-Riemannian 
metric on G^ /K^ induced from 2Re( , )'^|p<;xp<:. Define an almost complex structure Jq 
of p^ by JqX = \f^X {X G p^). It is clear that Jq is Ad(K'^)-invariant. Denote by J 



the C^-invariant almost complex structure on C^ /K'^ induced from Jq. It is shown that 
{G^ /K^^ { , )', J) is an anti-Kaehlerian manifold and a (semi-simple) pseudo-Riemannian 
symmetric space. We call this anti-Kaehlerian manifold an anti-Kaehlerian symmetric 
space associated with G/K and simply denote it by G^ /K^. Next we shall recall the 
notion of an anti-Kaehlerian equifocal submanifold which was introduced in [K2]. Let / 
be an isometric immersion of an anti-Kaehlerian manifold (M, ( , ), J) into G^/K^. If 
J o /^ = y^ o J, then M is called an anti-Kaehlerian submanifold immersed by /. If, for 
each X G M, exp-'-(T^M) is totally geodesic, then M is called a a submanifold with section. 
Denote by exp-*- the normal exponential map of M. Let v G T^M. If eyi'p^{avx + bJvx) is 
a focal point of (M, x), then we call the complex number a + b\/—l a complex focal radius 
along the geodesic 7^^ . Assume that the normal bundle of M is abelian and globally flat 
and that, for each unit normal vector field v, the number (which may be cxd) of distinct 
complex focal radii along the geodesic 7^^ is independent of the choice of x G M. Then we 
can define the complex radius functions as above. If, for parallel unit normal vector field v, 
the number of distinct complex focal radii along 7^,^ is independent of the choice of x G M, 
complex focal radius functions for v are constant on M and they have constant multiplicity, 
then M is called an anti-Kaehlerian equifocal submanifold. Let (j)'^ : H^{[0, 1],0'^) -^ G"^ be 
the parallel transport map for G*^. See Section 6 of [K2] about the definition of the parallel 
transport map. This map (f>^ is an anti-Kaehlerian submersion. Let ir^ : G^ ^ G^/K^ 
be the natural projection. It is shown that M is anti-Kaehlerian equifocal if and only 
if each component of (vr*^ o 0'^)^^(M) is anti-Kaehlerian isoparametric. See Section 5 of 
[K2] about the definition of an anti-Kaehlerian isoparametric submanifold. In particular, 
if each component of (vr^ o (f)^)^^(M) is proper anti-Kaehlerian isoparametric (i.e., anti- 
Kaehlerian isoparametric and, for each unit normal vector v, the shape operator A^ is 
diagonalizable with respect to an orthonormal base of the tangent space regarded as a 
complex vector space), then we call M a proper anti-Kaehlerian equifocal submanifold. 
Assume that M is an anti-Kaehlerian equifocal. Let r be a complex focal radius for a 
parallel unit normal vector field v. Then rv is called a focal normal vector field of M. 
Then a focal map frv '. M -^ G^/K^ is defined by frv{x) = exp-'-(rf^) (x G M). Set 
Frv '■= frviM). We call Frv the focal submanifold of M for rv. Define a distribution Erv 
on M by {Erv)x '■= ^G^ifrv)*x (x G M). We call Erv the focal distribution on M for rv. 
It is clear that Ej-v is integrable. It is shown that the focal set of M at x consists of the 
images by exp of infinitely many complex hyperplanes (which are called complex focal 
hyperplanes) in T^M (see [K2]). Denote by S the set of all complex focal hyperplanes of 
M at X. If 1J{/ G S I rvx G /} = 1, then the leaves of E^-v are the images by the normal 
exponential map of complex spheres in normal spaces of -F„;, where U(-) is the cardinal 
number of (•). Let ri (resp. r2) be a complex focal radius for a parallel unit normal 
vector field vi (resp. ^2). If {I G S\ri{vi)x G /} = {/ G S\r2{v2)x G I}-, then we have 
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Next we recall the notion of the extrinsic complexification of a complete C^-submanifold 
in a symmetric space of non-compact type which was introduced in [K2]. First we recall 
the complexification of a complete C"^-Riemannian manifold. Let M be a complete C"^- 
Riemannian manifold. The notion of the adapted complex structure on a neighborhood U 
of the 0-section of the tangent bundle TM is defined as the complex structure (on U) such 
that, for each geodesic 7 : R ^ A'^, the restriction of its differential 7* : TR = C ^ TM 
to 7~^(t/) is holomorphic. We take U as largely as possible under the condition that 
U n TxM is a star-shaped neighborhood of Oj: for each x G M, where Ox is the zero vector 
of TxM. If N is of non-negative curvature, then we have U = TM. Also, if all sectional 
curvatures of M are bigger than or equal to c (c < 0), then U contains the ball bundle 
T^'M := {X € TM I ||X|| < r} of radius r := ^^. In detail, see [Szl~4]. Denote by 
Ja the adapted complex structure on U. The complex manifold (U, Ja) is interpreted 
as the complexification of N . We denote ([/, Ja) by M^ and call it the complexification 
of M, where we note that M*^ is given no Riemannian metric. In particular, in case of 
M = R'" (the Euclidean space), we have (C/, Ja) = C™'. Also, in the case where A^ is a 
symmetric space G/K of non-compact type, there exists the holomorphic diffeomorphism 
6 of ([/, Ja) onto an open subset of G^ /K^. Let M be an immersed (complete) C"^- 
submanifold in G/K. Denote by / its immersion. Let M'^ be the complexification of M 
(defined as above). We shall define the complexification f^ : M^ -^ G^ jK^ of /, where 
we shrink M^ to a neighborhood of the 0-section of TM if necessary. For its purpose, 
we first define the complexification of a C"^-curve q : R ^ G/K. Let g = f -|- p be 
the Cartan decomposition associated with G/K and W^ : R ^ p be the curve in p with 
(expiy(t))i^ = a{t) {t G R), where we note that W is uniquely determined because 
G/K is of non-compact type. Since a is of class C"^, so is also W . Let W^ : D ^> )p^ 
[D : a neighborhood of R in C) be the holomorphic extension of W . We define the 
complexification a'^ : D ^ G^/K'^ of a by q^(z) = (expM^^(z))i^^. It is shown that this 
complexification of a C^-curve in G/K is a holomorphic curve in G'^ /K'^. By using this 
complexification of a C"^-curve in G/K, we define the complexification f^ : M*^ -^ G^ /K^ 
of / by r{X) := {f oif)''{^f^) {X G M'' (c TM)), where 7^ is the geodesic in M with 
7^(0) = X. Here we shrink M^ to a neighborhood of the 0-section of TM if necessary 
in order to assure that ^/—l belongs to the domain of (/ o 7^)^^ for each X G M^. It 
is shown that the map f^ : M'^ -^ G'^ /K^ is holomorphic and that the restriction of 
/^ to a neighborhood U' of the 0-section of TM is an immersion, where we take U' as 
largely as possible. Denote by M^ this neighborhood U' newly. Give M'^ the Riemannian 
metric induced from that of G^ /K^ by f^. Then M^ is an anti-Kaehlerian submanifold 
in G'^ /K'^ immersed by f^. We call this anti-Kaehlerian submanifold M^ immersed by 
/^ the extrinsic complexification of the submanifold M. We consider the case where M 
is (extrinsically) homogeneous. Concretely we consider the case where M = H{gQK) and 
/ is the inclusion map of M into G/K, where H is a closed subgroup of G. Let t be 
a natural immersion of G/K into G^ /K'^, that is, i{gK) = gK'^ {X G q). It is shown 
that L is totally geodesic. Let g^ be the complexification of the Lie algebra of H and set 
i7^ := exp0^. For a homogeneous submanifold M = H{gQK), the image f^{M^) is an 
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open subset of the orbit H'^{gQK^). Hence this orbit is the complete extension of M'^. It 
is shown that M is complex equifocal if and only if M'^ is anti-Kaehlerian equifocal (see 
Theorem 5 of [K2]). Also, it is shown that M is proper complex equifocal if and only if 
M'^ is proper anti-Kaehlerian equifocal. 

3 Aks-representations 

In this section, we shall first introduce the notions of an anti-Kaehlerian symmetric pair 
and an anti-Kaehlerian symmetric Lie algebra, and investigate the correspondence re- 
lations of those notions with an anti-Kaehlerian symmetric space. Let (M, J, ( , )) be 
an anti-Kaehlerian manifold (i.e., J^ = — id, VJ = (V : the Levi-Civita connection 
of ( , ))) and {JX,JY) = -{X,Y) {X,Y G TM)). In the sequel, denote by the same 
symbol id the identity transformations of various sets. If there exists an involutive holo- 
morphic isometry Sp of M having p as an isolated fixed point for each p G M, then we call 
{M,J,{ , )) an anti-Kaehlerian symmetric space. Also, if there exists a local involutive 
holomorphic isometry defined on a neighborhood of p having p as an isolated fixed point 
for each p G M, then we call {M,J,{ , )) a locally anti-Kaehlerian symmetric space. In 
this section, we introduce the notions of an anti-Kaehlerian symmetric pair and an anti- 
Kaehlerian symmetric Lie algebra in relation with an anti-Kaehlerian symmetric spaces. 
Let G be a connected complex Lie group and K he a closed complex subgroup of G. 
If there exists an involutive (complex) automorphism p of G such that G^ C K C Gp 
{Gp : the group of all fixed points of p, G^ : the identity component of Gp) then we 
call the pair (G, K) an anti-Kaehlerian symmetric pair. If g be a complex Lie algebra 
and r be a complex involution of g, then we call such a pair (0,r) an anti-Kaehlerian 
symmertric Lie algebra. Let f := Ker(r — id) and p := Ker(r -|- id). Denote by Adc and 
adg the adjoint representations of G and 3, repsectively. Also, denote by j the complex 
structure of g. Let pR, be the totally real subspace of p such that ( , )Iprxjpr = and 
that ( , )|pj^xpR is positive definite. Here we note that such a totally real subspace is de- 
termined uniquely. Set adg|p(f) := {adg(X)|p | X G f}, AdG|p(i^) := {AdG(A:)|p | k £ K}, 
adglpR(f) := {prpj^ o adgiX)\p^\X G f} and AdGlpR(-ftr) := expc;L(pR)(ad0|pj^(f)), where 
6xpGL(pR,) is the exponential map of GL(Pr). Let SOak{p) be the identity component 
of the group {A G GL(p) | ^*( , ) = ( , ), A o j = j o A} and set soAxip) ■= {A G 
0[(p) \Ao j = j o A, {AX,Y) = -{X,AY) {yX,Y G p)}, which is the Lie algebra of 
SO Axip)- Then we have the following fact. 

Lemma 3.1. The complexiBcation so(Pr)'^ of so(Pr) coincides with soAKip) ^nd hence 
'S'O(Pr) is a half-dimensional totally real compact subgroup of SOak{p)- Also, the com- 
plexification (ad0|pj^(f))'^ of ad0|pj^(f) coincides with adg|p(f) and adg|pj^(f) is contained 
in so(Pr). Hence AdG|pj^(i^) is a half-dimensional totally real compact subgroup of 
AdGlp(i^) contained in S'O(Pr). 

Proof. For A G 0[(Pr)) denote by A the element of Qi{p,j) := {B G Ql{p)\B o j = 
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j o B} whose restriction to pR is equal to A. Let C £ soax(p)- Set A := prp^^ o C|pj^ 
and B := —j o pr^p^^ o C|pj^. Then we have C = A + jB. Take X,Y £ pR. Then it 
follows from (pR,ipR) = that {CXJY) = -{BX,Y) and {X,C{jY)) = -{BY,X). 
Hence it follows from {CXJY) = -{X,C{jY)) that {BX,Y) = -{X,BY). Thus we 
have B G so(Pr). Also we have {CX,Y) = {AX,Y) and {X,CY) = -{X,AY). Hence 
we have {AX,Y) = —{X,AY). Thus we have A G so(Pr). Therefore we have C G 
so(Pr)^. Thus we have 50ak{p) C so(Pr)'^. Since soak{p) and so(Pr)'^ are of the same 
dimension, we have 50ak{p) = so(Pr)^. Therefore the first-half statement of this lemma 
is shown. Let C G ad|p(f). Set A := prp^^^ o C|pj^ and B := —j o pr^p^^ o C\p^. From the 
definition of adpj^(f), we have A G ad|pj^(f). Also, it follows from — j o (7 G ad|p(f) that 
— (prpj^ o j o C)|pj^ G ad|pj^(f). Clearly we have — (pfpj^ ° j ° C')|pj^ = B. Thus we have 
B G or)|pj^(f). Therefore we have C(= A + joB) G (ad|pj^(f))'^. Thus ad|p(f) C (ad|pj^(f))'^ 
is obtained. From dimRad|p(f) = dimR(ad|pj^(f))^, it follows that ad|p(f) = (ad|pj^(f))'^. 
Also, since C G ad|p(f) C soAxip), we can show A G so(Pr) as above. Therefore we obtain 
ad|pR(f) C so(Pr). Hence Ad|pj^(i^) C SO{pii) is obtained. Furthermore, since Ad|pj^(ir) 
is closed in S'O(Pr), it is compact. Thus the second-half statement of this lemma follows. 

q.e.d. 



Now we show that an anti-Kaehlerian symmetric pair arises from an anti-Kaehlerian 
symmetric space. 

Proposition 3.2. Let (M, J, ( , )) be an anti-Kaehlerian symmetric space, G be the 
identity component of the isometry group of (M, J, ( , )) and K be the isotropy group of 
G at some pQ G M. Then the pair {G, K) is an anti-Kaehlerian symmetric pair. 

Proof. Identify M with G/K under the correspondence g{po) ^^ gK (g G G). Define a 
map p : G ^ G hy p{g) = Sp^ o go Sp^ {g £ G), which is an involutive automorphism of G. 
Easily we can show that G^ C K C Gp (see the proof of (ii) of Theorem 3.3 of Chapter IV 
in [H]). Let f := Ker(/9^,e — id) and p := Ker(p*e + id), where e is the identity element of 
G. The space p is identified with Tp^^M. Define the \/— 1 -multiple in g by ^/—IX = JpqX 
(X G p = Tp^M) and [y/^Y, Z] = \Y, Jp„Z] (F G f, Z G p), where [ , ] is the Lie bracket 
product of g. Note that this \/— 1-multiple in g is well-defined because f acts on p effectively. 
Since ad(X) o J^^, = J^^, o ad(X) on p (X G f), [Y, Z] = -Rp^{Y,Z) {Y,Z G p) and 
Rpg{JpQY, Z) = Jp^,Rp^,{Y, Z) (y, Z G p) by anti-Kaehlerity of M, we see that (g, [ , ]) is a 
complex Lie algebra under this \/~l-™ultiple. Also, it is easy to show that f is a complex 
Lie subalgebra and p-^e is the complex involution. Hence G, K and p are regarded as a 
complex Lie group, a complex Lie subgroup of G and an involutive complex automorphism 
of G, respectively. q.e.d. 

By using Lemma 3.1, we show that an anti-Kaehlerian symmetric space arises from an 
anti-Kaehlerian symmetric pair. 
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Proposition 3.3. Let {G, K) he an anti-Kaehlerian symmetric pair. Then there exists an 
anti-Kaehlerian structure (J, ( , )) ofG/K such that (G/K, J,{ , )) is an anti-Kaehlerian 
symmetric space. 

Proof. Since (G, K) is an anti-Kaehlerian symmetric pair, there exists an involutive (com- 
plex) automorphism p oi G with G^ C K C Gp. Let g := LieG, f := hieK and p := 
Ker(p*e-|-id). Then we can show AdG'(^)(p) C p (see the first part of the proof of Proposi- 
tion 3.4 of Chapter IV in [H]). Define an almost complex structure j of p by j{X) = ^/—IX 
{X G p). It is clear that j is AdG(i^)-invariant. Denote by J the G-invariant almost com- 
plex structure on G/K arising from j. Let GL((p, j)) := {A £ GL(p) \ A o j = j o A}, 
where GL(p) is the group of all (real) linear isomorphisms of p. Take a half-dimensional 
subspace pR of p with pR, ® jpR = p. The group GL(Pr) of all linear isomorphisms of pR 
is regarded as a half-dimensional totally real subgroup of GL((p,j)) by identifying each 
A G GL(Pr) with I G GL((p, j)) defined by A{X + jY) = AX + jAY {X, Y G Pr). Let 
adglpj^(f) be as in the proof of Proposition 3.2 and AdG;|pj^(i^) := expQL(pj^-)(adg|pj^(f)). It 
is clear that the group AdG'lpj^(i^) is regarded as a half-dimensional totally real subgroup of 
AdGlp(i^). By taking an anti-Kaehlerian inner product (3 of (p, j) such that /3|pj,^xjpR = 
and that /^Ip^xpR is positive definite hojotekini and using Lemma 3.1, AdGlpR(i^) is a 
half-dimensional totally real compact subgroup of AdG'|p(i^). Define a real bilinear form 
Po on p by 

Po{X, Y)= f P{aX, aY)u (X, y G p), 

where oj is the Haar measure of AdG'lpj^(i^) and each a G AdG'lpj^(i^) is extended to 
the linear transformation of p in the natural manner. We shall show that (3q is an anti- 
Kaehlerian inner product of (p,j). Let X G pR. Since [5{aX,aX) > for any a G 
AdGlpR(i^), we have l3o{X,X) > 0. If l3o{X,X) = 0, then we have (3{aX,aX) = 
for any a G Adclpj^^iK). In particular, we have I3{X,X) = 0, that is, X = 0. Thus 
/^olpRxpR is positive definite. Let Y be another vector of pR. Since (3{aX,ajY) = 
(a G AdG|pR(-?^)), we have f3oiX,jY) = 0. Thus it follows from the arbitrarinesses of X 
and Y that /SoIprxjpr = 0. On the other hand, it is clear that Po{jZ,jW) = —(3o{Z,W) 
{Z,W G p). These facts imply that /3o is an anti-Kaehlerian inner product of (p,i). 
Next we shall show that /3q is AdG|p(-f^)-invariant. It is clear that /3o is Ad(; | p^^ (i^)- 
invariant. Fix X,Y G p. Define a complex-valued function / on AdclpiK) by f{a) = 
Po{aX,aY) - V^po{aX,ajY) {a G AdG|p(i^)). Since / = (3o{X,Y) - V^po{X,jY) on 
-^*^gIpr(-^)) / is holomorphic and AdGlpR(-f^) is a half-dimensional totally real subgroup 
of AdGlp(i^), we see that / = l3o{X, Y) — ^/^Po{X,jY) on AdG'|p(i^), which implies that 
(3q is AdGr|p(ir)-invariant. Denote by ( , ) the G-invariant pseudo-Riemannian metric on 
G/K arising from f3. It is clear that {G/K, J, { , )) is an anti-Kaehlerian manifold. Next 
we shall show that {G/K, J, { )) is an anti-Kaehlerian symmetric space. Let vr : G ^ G/K 
be the natural projection. Define a map Sq : G/K -^ G/K by So{TT{g)) = 7r{p{g)) {g G G). 
It is clear that Sq is well-defined and that s^ = id. Also, it is shown that Sq is an isometry 
of {G/K, ( , )) (see the proof of Proposition 3.4 of Chapter IV in [H]). Furthermore, it is 
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shown that Sq is holomorphic. Also, we have So^,^(e) o vr^g = vr*e ° p*e = —'^*e on p, that 
is, So^,7r(e) = —id, which iniphes that 7r(e) is an isolated fixed point of Sq- For each g £ G, 
define a map s^(g) : G/K ^ G/K by s^(g) = g o SqC g~^. Easily we can show that s^(-^) 
is an involutive holomorphic isometry of {G/K, J,{ , )) having vr((/) as an isolated fixed 
point. Thus (G/K, J,{ , )) is an anti-Kaehlerian symmetric space. q.e.d. 

Let {q,t) be an anti-Kaehlerian symmetric Lie algebra and f := Ker(r — id). Let G 
be a connected complex Lie group with Lie G = q and X be a complex Lie subgroup of G 
with L'leK = f. We call such a pair (G, K) a pair associated with (3, r). 

Proposition 3.4. Let {q,t) be an anti-Kaehlerian symmetric Lie algebra, {G,K) be 
a pair associated with {q,t) such that K is connected and {G,K) be a pair associated 
with {q,t) such that G is simply connected and that K is connected. Then the following 
statements (i) and (ii) hold: 

(i) (G, K) is an anti-Kaehlerian symmetric pair. 

(ii) Assume that K is closed. Let ( J, ( , )) be a G-invariant anti-Kaehlerian structure 
on G/K defined as in the proof of Proposition 3.3. Then {G/K, J, ( , )) is a locally anti- 
Kaehlerian symmetric space and the universal anti-Kaehlerian covering of {G/K, J, { , )) 
is isometric to an anti-Kaehlerian symmetric space G/K equipped with a suitable anti- 
Kaehlerian structure defined as in the proof of Proposition 3.3. 

Proof. First we shall show the statement (i). Since G is simply connected, there uniquely 
exists an involutive (complex) automorphism p of G with p^<e = r. In a standard method, 
we can show that K is equal to the identity component G^ of the group of all fixed points 
of p because K is connected. Thus {G, K) is an anti-Kaehlerian symmetric pair. 

Next we shall show the statement (ii). The groups AdG{K) and Adg(i^) coincide with 
each other because they are connected complex Lie subgroups of the adjoint group int g 
and have the same Lie algebra. Let (J, ( , )) (resp. (J, ( , )~)) be a G (resp. G)-invariant 
anti-Kaehlerian structure on G/K (resp. G/K) as in the proof of Proposition 3.3. Let 
"ip be the homomorphism of G onto G with 7/>*e = id. It is clear that K is the identity 
component of 'il)^'^{K). Hence a map V' '■ G/K -^ G/K is well-defined by i/j{gK) = ip{g)K 
(g G G). It is shown that this map ip is a. covering map (see Lemma 13.4 of Chapter I 
in [H]). It is easy to show that ip is an anti-Kaehlerian covering map of {G/K, J, { , )~) 
onto {G/K,J,{ , )). Hence {G/K,J,{ , )) is a locally anti-Kaehlerian symmetric space. 
Since G/K is simply connected (see the proof of Proposition 3.6 of Chapter IV in [H]), 
{G/K, J, ( , )~) is the universal anti-Kaehlerian covering of {G/K, J, { , )). q.e.d. 

Let {M, J,{ , )) be an irreducible anti-Kaehlerian symmetric space, G be the identity 
component of the isometry group of {M, J,{ , )) and K be the isotropy group of G at 
some point pQ G M, where the irreducibility implies that M is not decomposed into the 
non-trivial product of two anti-Kaehlerian symmetric spaces. Assume that {M,J,{ , )) 
does not have the pseudo-Euclidean part in its de Rham decomposition. Note that an 
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anti-Kaehlerian symmetric space without pseudo-Euclidean part is not necessarily semi- 
simple (see [CP],[W1]). Also, let {q,t) be the anti-Kaehlerian symmetric Lie algebra 
associated with the anti-Kaehlerian symmetric pair {G,K) and p := Ker(r -|- id). The 
space Ker(r — id) is equal to the Lie algebra f of K and p is identified with Tp^M (= 
TexiG/K)). We call the linear isotropy representation Ad^rlp : K -^ GL(p) an aks- 
representation, where p is regarded as an anti-Kaehlerian space under the identification 
p = TpgM. Let tts be a maximal split abelian subspace of p (see [R] or [OS] about 
the definition of a maximal split abelian subspace) and p = po -|- ^ p^ be the root 

space decomposition with respect to a^ (i.e., the simultaneously eigenspace decomposition 
of ad(a)^'s (a G a^)), where the space p^ is defined by p^ := {X £ p|ad(a)^(A') = 
a{a)'^X for all a G a^} and A+ is the positive root system with respect to o^ under some 
lexicographic ordering of o*. Set a := po (D O-s), j '■= Jpo and ( , )o := ( , )p„. It is 
shown that ( , )o|osxas is positive (or negative) definite, a = Os©iOs and ( , )o|asXjas = 0. 
Note that pQ, = {X £ p | ad(a)^(X) = a'^{a)'^X for ah a £ a] for each a G A+, where 
a'^ is the complexification of a : a^ ^ R, o is regarded as the complexification o^ of Os 
and a^(a)2x means Re(a^(a)2)X + Im(a'^(a)2)jX. Let la := {a'')-'^{0) {a G A) and 
D := a\ U la- Take u £ D and let M be the orbit through u of the X-action by the 

aeA+ 

linear isotropy representation (AdG'|p)|x- Since u £ D, M is a principal orbit. Denote 
by A the shape tensor of M. Take v £ T^M{= a). Then we have T^M = J2 Pa and 

aeA + 

^^IpQ = — °c(„u d (a G A_|_). It is easy to show that the i^-action by (AdG|p)|ft: is an 
anti-Kaehlerian polar action having a as a section, where an anti-Kaehlerian polar action 
means the finite dimensional version of an anti-Kaehlerian polar action on an infinite 
dimensional anti-Kaehlerian space defined in [K2]. Furthermore, from ^«|p„ = ~ "c(„) idp^ 
and the arbitrarinesses of v and n, we see that each principal orbit of the i^-action is 
proper anti-Kaehlerian isoparametric in the sense of [K4]. 

In the 2-dimensional anti-Kaehlerian space V = (R?, Jo, ( , )o)) there uniquely exists a 
1-dimensional totally real subspace M^ of y such that {W, JoI^)o = and that ( , )o|vv'xVF 
is positive definite. Let w £ W U JqW. The quotient manifold V/Zw is a flat anti- 
Kaehlerian manifold whose universal anti-Kaehlerian covering is V. We call such an anti- 
Kaehlerian manifold an anti-Kaehlerian cylinder. Let {G/K, J, ( , )) be a semi-simple 
anti-Kaehlerian symmetric space and a be a maximal abelian subspace of p = T(.k{G/K). 
It is easy to show that exp a is a flat totally geodesic submanifold in G/K and that it 
is holomorphic and isometric to the product of some anti-Kaehlerian cylinders. We call 
exp a a maximal anti-Kaehlerian cylindrical product. Here we note that, if (M,J,{ , )) 
is not semi-simple, then exp a is holomorphic and isometric to the product of some anti- 
Kaehlerian cylinders and an anti-Kaehlerian space. 

At the end of this section, we shall recall the notion of the anti-Kaehlerian symmetric 
space associated with a Riemannian symmetric space of non-compact type which was 
introduced in [K2]. Let G/K be a Riemannian symmetric space of non-compact type and 
p be the Cartan involution, where G is assumed to be a connected semi-simple Lie group 
admitting a faithful real representation and K can be assumed to be a maximal compact 
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subgroup of G. Let g := LieG, f := LieK and p := Ker(/9*e + id), where p is identified 
with TeK{G/K). Also, let g*^ (resp. /jjg) be the complexification of g (resp. p*e)- Since 
G admits a faithful real representation, we can define the complexification G^ (resp. K^) 
of G (resp. K) and the compact dual G*(c G^) of G. It is shown that {G^,K^) is an 
anti-Kaehlerian symmetric pair. Let fi be the Ad(;(i^)-invariant (positive definite) inner 
product of p arising the Riemannian metric of G/K. Let ( , ) be the pseudo-Riemannian 
metric of G^ jK^ arising from Re/3^ (p^ x p*^ ^ R) and J be the natural almost complex 
structure of G'^jK'', where p'^ is identified with TeK-iG" /K"). Then {G^/K", J, ( , )) is 
an anti-Kaehlerian symmetric space. We call this anti-Kaehlerian symmetric space the 
anti-Kaehlerian symmetric space associated with G/K, where we note that G^ jK^ is a 
semi-simple anti-Kaehlerian symmetric space. 

Remark 3.1. If (5 is the Killing-Cartan form of g, 2Re/?'^ is that of g^ regarded as a real 
Lie algebra. 

4 Anti-Kaehlerian holonomy systems 

Let (y, i?, G) be a triple consisting of a Euclidean space V , a curvature-like tensor R (g 
V* ®V* ®V* ® V) and a compact connected Lie subgroup G of the linear isometry group 
0{y) of V. J. Simons [Si] called (y, i?, G) a holonomy system if R{vi,V2) G LieG for 
all fi,f2 G y. In this section, we introduce the notion of an anti-Kaehlerian holonomy 
system and show some facts for the system. Let {V, J, ( , )) be a (finite dimensional) anti- 
Kaehlerian space and R {e V* V* ^ V* ^ V) be a curvature-hke tensor. Let SOak{V) 
be the identity component of the group {A G GL{V) \A*{, ) = ( , ), [A, J] = 0} and G 
be a connected complex Lie subgroup of SOAKiV)- We call the triple {{V, .J,{ , )), i?, G) 
an anti-Kaehlerian holonomy system if the following two conditions hold: 

(AH-i) J o R(vi, V2) = R{Jvi, V2) = R{vi, V2) o J for all fi,f2 G V , 
(AH-ii) R{vi,V2) G LieG for all wi,i;2 G V. 

Furthermore, if the following condition (S) holds, then we call that the triple is symmetric: 

(S) R{gvi,gv2)gv3 = gR{vi,V2)v^ for all Vi^V {i = 1,2,3) and all g £ G. 

Also, if G is weakly irreducible, then we call that the triple is weakly irreducible, where the 
weakly irreduciblity of G implies that there exists no G-invariant non-degenerate subspace 
ly of y with py 7^ {0} and W ^ V. Here we give examples of an anti-Kaehlerian holonomy 
system. 

Example 1. Let (M, J, ( , )) be an anti-Kaehlerian manifold. Let V be the Levi-Civita 
connection of ( , ), i? be the curvature tensor of V and $a; be the restricted holonomy 
group of V at x (g M). Then the triple ((T^M, Jx,{ , )x),Rx,^x) ^s an anti-Kaehlerian 
holonomy system. In particular, if (M,J,{ , )) is locally symmetric (resp. irreducible), 
then this 

anti-Kaehlerian holonomy system is symmetric (resp. weakly irreducible). 
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Example 2. Let {M,J, ( , )) be a complex n-dimensional anti-Kaehlerian submanifold in 
an anti-Kaehlerian manifold (M, J, ( , )~), T-^M be the normal bundle, A be the shape 
tensor, V be the normal connection, R be the curvature tensor of V and $^ be the 
restricted holonomy group of V-^ at x (g M). Define R^ £ T^ M* ®T^ M* ®T^ M* ®T^ M 
by 

2n 

R^{vi,V2)v3 := y2{ei,ei)R^{Ay-^ei, Ay^ei)v3, 

i=\ 

where (ei, • • • , e2„) is an orthonormal base of T^M. Then the triple {{T^M, Jx\t^M: 
{ ) )x'\t-'-MxT^m)^^x^^x) is ^^ anti-Kaehlerian holonomy system. 

We have the following fact for a weakly irreducible symmetric anti-Kaehlerian holon- 
omy system. 

Lemma 4.1. Let S = {{V, J, { , )),R,G) bea weakly irreducible symnietric anti-Kaehlerian 
holonomy system with R ^ 0. Then the G-action on V is equivalent to an aks-representation. 

Proof. Let q^ be the Lie algebra generated by the set {R{vi,V2) | vi, f2 G V} (c soak{V) '■= 
Lie{SOAK{V))) and G^ := exp g^, where exp is the exponential map of SOak{V). Set 
-C := 0^ © V. Define the \/^-multiples of elements of £, by \/—lv := Jv {v G V) 
and \f—lR{vi,V2) := J o R{vi,V2) (wi,W2 G V). Also, define [ , ] (: £ x £ ^ £) by 
[Ai,A2] := ^10^2-^20^1(^1,^2 G 0^), [t'i,«2] := R{vi,V2) {vi,V2 G V) and 
[A, v] := A{v) {A G , V £ V). Then it follows from the symmetricness of S that (£, [ , ]) 
is a complex Lie algebra. Define an (complex) involution p of (£, [ , ]) by pLfl = id and 
p\v = —id. Take a totally real subspace W oi V such that ( , )|vi/xJVF = and that 
( , )|pFxW is positive definite. Let {g^)w '■= {pi-w ° R{vi,V2)\w \vi,V2 G V}. By im- 
itating the proof of Lemma 3.1, we can show that {g^)w is a Lie subalgebra of 5o{W) 
and {{q )w)^ = • Thus ((£, [ , ]),p) is an anti-Kaehlerian symmetric Lie algebra. Let 
{L,G) be a pair associated with ((£, [ , ]),p) such that L is simply connected and that 
G is connected. According to Proposition 3.4, (L, G) is an anti-Kaehlerian symmetric 
pair. Hence, it follows from Proposition 3.3 that there exists an anti-Kaehlerian structure 
(J, ( , )) such that {L/G,J, ( , )) is an anti-Kaehlerian symmetric space. On the other 
hand, we can show that the G-action on V is equivalent to both the restricted holonomy 
group action G^ of L/G at eG and the linear isotropy group action Adj^l^, ~(Z/g)^ ") ^^^^ 

P359~360 of [Wl]). Since the G-action is weakly irreducible by the assumption, L/G is 
irreducible. Hence, AdrL ^,r,p;^{G)-action is an aks-representation. Therefore, we obtain 

the statement of this lemma. q.e.d. 

Now we shall define the notion of the complexification of a holonomy system. Let 
S = {{V, { , )), R, G) be a holonomy system. Then the triple 5^ := {{V, Re( , )^), i?^ G") 
gives an anti-Kaehlerian holonomy system, where V^, ( , )^, -R^ and G^ are the complexifi- 
cations oiV, { , ), R and G, respectively. We call this system S"^ the complexification of S. 
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Next we shall define the notion of a totally real holonomy subsystem of an anti-Kaehlerian 
holonomy system. Let S = {(y,J,{ , )),R,G) be an anti-Kaehlerian holonomy system. 
Take a totally real subspace W o( V such that ( , )|h/xJVF = and that ( , )|iyxw^ is 
positive definite. Set Rw '■= P^vk ° R\wxWxW- Let qw be the Lie subalgebra of so(M^) 
spanned by {pryy o A\\y\ A £ q} and Gw := expgQ/^r^[Q^^). It is shown that G^ is com- 
pact and connected. Hence the triple Sw '■= {{W, { , )\wxw),RwiGw) is a holonomy 
system. If G^^ = G, then we have S^r = S. Then we call Sw a totally real holonomy 
subsystem of S. Note that, if S is symmetric and R ^ 0, then G^r = G automatically 
holds. In fact, the Lie algebra g of G is then generated by {R{vi,V2) | wi, ^2 G V} and the 
Lie algebra Qw of Gw includes {Rwi'Wi,W2) \ wi,W2 G W}. Hence we have g C Q^r, that 
is, G C G^. On the other hand, it is clear that G^^, C G. After all we have G^^ = G. 

Now we show the following fact for a weakly irreducible anti-Kaehlerian holonomy 
system. 

Lemma 4.2. Let S = {{V, J, { , )),R, G) he a weakly irreducible anti-Kaehlerian holon- 
omy system. Assume that there exists a totally real holonomy subsystem of S having 
non-zero scalar curvature. Then the G-action on V is equivalent to an aks-representation. 

Proof. Let S' := {{W, { , )\wxw),Rw,Gw) be a totally real holonomy subsystem of 5 
having non-zero scalar curvature, which is irreducible because S is weakly irreducible. 
According to the proof of Theorem 5 of [Si], we can construct a non-zero curvature- 
like tensor R' {: W x W x W ^ W) such that {{W, { , )\wxw),R' ,Gw) is a symmetric 
holonomy system. Define ^p : G x V^ ^ V hy ip{g,vi,V2,V3) = gR'^{g~^vi, g~^V2)g~^V3 — 
R'^{vi,V2)v3 {{g,vi,V2,v^) G G x V^), where R'^ is the complexification of R'. Since 
tp is holomorphic and ^ = over a totally real submanifold Gw x W^ of G x y^, we 
have V' = by the theorem of identity. Then the triple {{V, J, { , )), R"^, G) is a weakly 
irreducible symmetric anti-Kaehlerian holonomy system. Hence we obtain the statement 
of this lemma by Lemma 4.1. q.e.d. 

5 Partial tubes with fiat and abelian normal bundle 

For a submanifold in a Riemannian symmetric space of non-positive (or non-negative) 
curvature, M. Briick [B] defined a certain kind of partial tube with abelian normal bun- 
dle including the normal holonomy tube, where the submanifold is assumed to admit 
the e-tube for a sufficiently small positive number e. In this section, we shall define the 
similar partial tube for an anti-Kaehlerian submanifold in a non-flat anti-Kaehlerian sym- 
metric space of non-positive (or non-negative) curvature. Let M be an anti-Kaehlerian 
submanifold in such an anti-Kaehlerian symmetric space N = G/K. Let e-y := inf{|r| | r : 
focal radius of M along 7}, where 7 is a unit speed normal geodesic of M. Denote by 
£^ (resp. £_) inf{e^ I7 : unit speed spacelike (resp. timelike) normal geodesic}. Assume 
that e^ > (resp. e^ > 0). Denote the metric, the curvature tensor and the com- 
plex structure of A^ by ( , ), -R and J, respectively. Fix xq £ M. Let <txQ := {c : 
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[0, 1] ^ M : a piecewise smooth path with c(0) = xq}, ^xq be the restricted normal 
holonomy group of M at xq and £xo be the Lie subalgebra of so^i^(T^M) generated by 
{P~^ o pry± jy,j o i?^(^) (-Pci'i, i^cW2) o i^c 1 1^1, 1^2 G T^^M, c £ ^xo), where SOAxC^i';-,^) : = 
{A G 0[(T,-^,M) I (Ai;i,«2).o + {vi,Av2)xo = (Vi;i,t;2 G T,-^,M), [A,XjrxM] = 0}, Pc is 
the parallel transport along c with respect to the normal connection V of M and pr^± ^ 

^ c(l) 

is the orthogonal projection onto T^-^^M. Also, let U^cg be the Lie algebra generated by 
S^XQ and Lie$5^|j. Let Lx^ := exp £2:0 and Lxq := exp £3;^, where exp is the exponen- 
tial map of GL{T^^M). Note that Lx^ and Lx^ are Lie subgroups of SO ak{Txo^) '■— 
{A G GL{T^^M)\{Avi,Av2)x, = {vi,V2)xo0^vi,V2 G T^,M), [AXoIt^m] = 0}. Set 
Re := Pc"*^ o pr^-i ^ o i?g^-)(Pc(-))-fc(0) ° -fc for each c G C^o- For each c G (J^xq) it is 

c(l) ^ 

clear that Sc ■= {T^^M,Rc,Lxq) is an anti-Kaehlerian holonomy system. Fix cq G G^^^q and 
a totally real subspace W of T^^M such that ( , )xolwxW is positive definite. Let £jj^ 
be the Lie subalgebra of soiW) generated by {pr^ o Rc{vi^V2)\w |i'i5i'2 G F, c G C^xq} 
and set Lji^ := exp £j^, where exp is the exponential map of GL(VF). The group 
LJ^ is compact because it is a closed subgroup of the compact group SO{W). Hence 

Sco\w ■= {(W,{ , )xo\wxw),P^w ° Rco\wxWxW,L^o) is a holonomy system. Clearly 
we have (£^)*^ = ^xq, that is, (i^)'' = Lxg. It is shown that S'cqIh^ is a totally 
real holonomy subsystem of Scq- Let W = Wq © Wi © • • • © Wk be the decomposi- 
tion of W such that Wi {i = 0,1,- ■■ ,k) are Lj!^-invariant, Ljj^° = {idvKo} ^^^ that LJ!^* 
(i = 1, • • • , fc) are irreducible (non-trivial), where LJ^' := {^Ih/; \ g G ^Jj^} (i = 0, 1, • • • , /c). 
Let Vi := Wi © JVFj(= Wf ) (i = 0, 1, • • • , /c). Note that the Lie algebra of LJ^» is equal to 
{pr^, o Rc{vl,V2)\w^ I wi, ^2 G ^5 c G ^xo}- Let £jf* {i = 0,1,- ■ ■ ,k) be the Lie subalgebra 
of soAKiVi) generated by {pry^ o Rc{vi,V2)\v, I ^^1,^2 G F, c G C^„} and L^^ := exp £jfj,, 
where exp is the exponential map of GL{Vi). Clearly we have T^^M = Vq © ^1 © • • • © ^fc 
and L^^ = (LJ^*)*^ (i = 0, 1, • • • , fc). Also, it is easy to show that Vi (i = 0, 1, • • • , /c) are 
Lj:,) -invariant, L^o = {idvo} ^^'^ that Ljf» (i = 1, • • • , /c) are weakly irreducible (non-trivial). 
We have the following fact. 

Lemma 5.1. The action of L^j^ on Vi is equivalent to an aks-representation. 

Proof. It is easy to show that Si := (V^jpr^A o Rc^,\vixV^xV^, Lx^) is a weakly irreducible 
anti-Kaehlerian holonomy system and that {Wi , pTyy^oR^^ \wixWixWi, L^q ) is an irreducible 
totally real holonomy subsystem of Si. Since N is of non-positive (or non-negative) curva- 
tures, we see that the scalar curvature of prpv'i ° Rco\WixWixWi does not vanish. Hence, it 
follows from Lemma 4.2 that the Ljf^-action is equivalent to an aks-representation. q.e.d. 

In similar to Lemma 3.3 of [B], we have the following statements. 

Lemma 5.2. (i) Vi (i = 0, 1, • • • , /c) are $2 -invariant. 
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(ii) $Solv, CL]^l{i = l,---,k), where ^l^\v, := {g\v, \ g G ^S,,}- 

(iii) Let Wq = lVo,o © l^o,i © • • • © VFo,i he the decomposition ofWo such that Wqj 

(j = 0, 1, • • • , are ^Ijwo-invariant, ^lJwo,o = {idvKo.o} and that ^Solw^o.i (j = 1> • • • , 

are irreducible, where ^xq\wo,j ■= {dlwoj I 5 G ^Sq) (i = 0' 1' ' ' ' i 0- Set Vqj := W^j 

(j = l,---,l). Then the ^^^\vq ^-action on Vqj is equivalent to an aks-representation 

Proof. From the definition of L^.^, it follows that ^^ is contained in the nornializer of 
Lxf) in SOak{T^qM). Hence Vi {i = 0, l,---,/c) are $2^^ -invariant. The group ^^olvi is 
contained in the nornializer N{L^^) of L^^ [i > 1). On the other hand, according to 
Theorem 5 of [Si], the nornializer of L^"- coincides with oneself. From this fact, N{L^^) = 
L^l follows. Hence we have $°Jy^ C L^, (> 1). We define ij^ ^ ^i^* ® T^o^* ® 

2n 

T^^M* ®T^^M by i?4(f 1,^2)^3 := X](ej, ei)i?^g(A„-^ei, yl„2ei)i;3, where (ei,---,e2„) is an 

j=i 

orthonormal base of Tr^^M. Let {Rxq)wo '■= Wwo ° ^xo\'^o-xWoxWo and {^^xo)wo be the 
image by the exponential map of the Lie subalgebra of so(VFo) generated by {prp^^j o P~^ o 
i?^(,)(P,X,P,y) o P.I^J X,y G T,oM, c G e:,J. The triple {W^, {Ri)wo, «)h^o) is a 
holonomy system. Since R{'Wi,W2) = for all wi,W2 G Wq) we have 

(5.1) {R^^^{X,Y)wi,W2) = {[A^„A^,]X,Y) {X,Y G T^,M, wi,W2 G Wq) 

by the Ricci equation. By using this relation, we have 

2 
By imitating the proof of Theorem 3.1 of [O] (in terms of (5.1) and (5.2)), we can show 

that the triples Swoj ■= {Wqj, {pt^Wo,, ° Rxo)\wo,jxWo,,xWo,j,i'^xo)wo\woJ (i = 1, • • • , 
are holonomy systems having non-zero scalar curvature, where we use the fact that N is 
of non-positive (or non-negative) curvature. Also, it is clear that Sv^ j '■= (Vo,j,(pr^j , o 

Rxo)\vo,jxVojxVo,j^ ^Solvb.i) (i = 1) ■ ■ ■ ) are weakly irreducible anti-Kaehlerian holonomy 
systems having Swo ■ as a totally real holonomy subsystem. Hence it follows from Lemma 
4.2 that the <l>S„|vb -action (j = 1, • • • , /) is equivalent to an aks-representation. q.e.d. 

From these lemmas, we have the following fact directly. 

Theorem 5.3. There exists a decomposition T^^M = Vb © 14 © • • • © V; © F/ © • • • © "14' of 
T^^M such that V^ (z = 0, 1, • • • , /) and ¥,[ {i = \,- • • ,k) are L^g-invariant, L^glvg = {idyp}, 
tiie Lxglvi-actions (i = 1, • • • , /) and the L^^jy/ -actions {i = 1,- ■ ■ ,k) are equivalent to aks- 
representations, L^iolvie-evi = ^xo\vi®-®Vi and that L^g\vi(Q...(QV;^ = La;oly/e-ev;'- 

For vq G T^^^M, define a subbundle B^,^{M) of T^M by 

B^g{M) := {Pc{gvQ) I g G L^,,, c G <ta,g} 

20 



(5.2) {{RJ^^^)w^Xwi,W2)wz,Wi) = -Tx{[Ay,^,Auj^] o [A.^.^,Ay,^]) {wi,--- ,Wi G Wq) 



and B,uf){M) := exp (i?t,y(M)), where exp is the normal exponential map of M. For 
each spacelike (resp. timelike) vector vq with ||fo|| < £^ (resp. e'^), B^^^{M) is is an 
immersed submanifold, that is, a partial tube over M whose fibre over xq is exp-'-(L2:„fo)- 
This partial tube By^ (M) is a notion similar to a partial tube defined for a submanifold in 
a Riemannian symmetric space of non-positive (or non-negative) curvature by M. Briick 
[B]. Denote by Holt,g(M) the normal holonomy tube over M through vq. Clearly we have 
Holt,o(M) C B^Q^M). Also, we have the following facts. 

Theorem 5.4. Assume that LxqVq is a principal orbit of the Lx^-action. Then the 
following statements (i)~(iii) hold. 

(i) The normal connection of B^^^ (M) is flat, 

(ii) Byg^M) has abelian normal bundle, 

(iii) Assume that M is simply connected. The L^^, -action and the normal parallel 
transport map of M preserve the focal structure of M if and only if i?^y (M) is anti- 
Kaehlerian equifocal. Then M is a focal submanifold of By^^{M). 

Proof. These statements are shown by imitating the discussions in Sections 4.2 ~ 4.4 of 
[B]. q.e.d. 

6 Anti-Kaehlerian submanifolds with abelian normal bun- 
dle 

Let N = G/K be a semi-simple anti-Kaehlerian symmetric space. Denote by ( , ) (resp. 
J) the metric (resp. the complex structure) of N . Let Ehea, vector bundle along a smooth 
curve c : [0, 1] ^ A^ (i.e., E : a subbundle of c*TN) such that each fibre Et {t £ [0, 1]) 
is an anti-Kaehlerian and abelian subspace of T^u\N and that each exp^(£'j) (t G [0, 1]) 
is properly embedded into N. Since N is semi-simple, exp^(£'j) is an anti-Kaehlerian 
cylindrical product. There exists a totally real subspace E^ of Et such that eyip j^{E^) 
is a torus (with a fiat pseudo- Riemannian metric). Denote by G the full holomorphical 
isometry group of N newly. Also, denote by Kt the isotropy group of G at c(t) and 
denote by {Kt)vo the isotropy group of the linear isotropy action Kt x T^-^t-^N -^ T^(^f^N at 
Vq G Tf.u\N . Then we have the following fact. 

Lemma 6.1. The set E^ := U {vq G Et \ dim {Kt)vn < 1} is open in E for each I G N. 

te[o,i] 

Proof. The statement of this lemma is shown by imitating the discussion in Page 81 of 
[PT]. q.e.d. 

Set h := min{l\E^ / 0}. Fix to G [0,1] and vo G Et„ D E'« . By using some J- 
orthonormal frame field (ui, Jvi, • • • ,Vr, Jvr) of E, we define maps V'tot '■ -E'to ^ Et {t G 
[0, 1]) by iptot{{vi)to) = {vi)t and ^ptot{J{vi)to) = J{vi)t (i = 1, • • • ,r). Let Vt := V'to*(^o)- 
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Let /q be the maximal sub-interval of [0, 1] containing to such that vt £ E^^ for all t G /q; 
which is open because E'*^ is open in E. Take a smooth curve c : Iq ^ G satisfying c(to) = e 
(e : the identity element of G) and c(t)(c(to)) = c{t) for all t £ Iq. Let Ef := c{t)~^{Et) 
and h{t) := c{t)~^{vt) {t £ Iq). Take a tubular neighborhood T of the principal orbit Kt^VQ 
in T^u\N. Let Ii be the maximal sub-interval of Iq containing tg satisfying /i(/i) C T 
and define 7 : /i ^ KiqVq by /i(t) G S'^(t) (t G /i), where 5^(t) is the slice of Kt^v^ through 
7(t). Let o : Ii ^ K^^ be a smooth curve such that o(to) = e and o(t)(fo) = 7(t) for all 
t G Ii. Then we can prove the following fact by imitating the proof of Lemma 5.2 of [B]. 

Lemma 6.2. The set U o{t)~ {Et) is contained in a maximal abelian anti-Kaehlerian 
subspace ofT^i^to)^- 

Proof. Let w G Sy(^t)r\Et. From w G <S'^(t), we have (i^to)w "^ {^to)-f{t) (see Page 81 of [PT]). 
This together with dim(i^t„)„(, = 4) deduces that dim(i^ip)tt, = dim(i^t,) )^(-() , which implies 
that {Ktg)w = {Kt^,)^(^fy Let at := T-'/^N(i^t,jfo) (t G /i), which is the maximal abelian 
anti-Kaehlerian subspace of T^tt^\N containing 7(t). Since Ktf^w is parallel to Kt^vo and 
w e S^^, we have T^Kt^w = T^^^ i^t(, wq . Similarly we have T^^_i_.^Kt„h{t) = T^^^^-^Kt^VQ = at, 

where we use h{t) G -E*. Hence, since Ot is the maximal abelian anti-Kaehlerian subspace 
containing h{t), h{t) G Et and Et is abelian, we have Et C at, that is, o{t)^^Et C Oq. Thus 
the statement of this lemma follows. q.e.d. 

Furthermore we can show the following fact by imitating the proof of Lemma 5.3 of 

[B]. 

Lemma 6.3. The space o{t)^^{Et) is independent of the choice oft G /i. 

Proof. According to Lemma 6.2, U o{t)~ (£'t) is contained in some maximal abelian anti- 

Kaehlerian subspace ao of T^Uq)-^- Since N is semi-simple, exp ao is an anti-Kaehlerian 
cylindrical product. There exists a totally real subspace a^ of Oq such that exp Og is a 
torus. Denote exp ag*" by T^ {k = 2 rank A^). Since exp Et is an anti-Kaehlerian cylindrical 
product by the assumption, so is also exp(o(t)~'^(-Et)). Hence exp(o(t)~^(£'i) n a^) is a 
torus, which we denote by T'^ (r = 2dimE'i). Let {ei, • • • , e^} be the lattice of T . Since 

k 

Tj[ is a sub-torus of T^ , the lattice of T^ is expressed as {aj := ^ aij{t)ej | i = 1, • • • , r} 

i=i 
{ciij{t) G Z). Furthermore, since T/" variates continuously with respect to t, ajj's are 

continuous. Hence, since a^-'s are constant. Hence T^ is independent of the choice of t. 
This implies that o{t)~^{Et) is independent of the choice of t. q.e.d. 

From this lemma, we have the following fact. 
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Lemma 6.4. There exists a smooth curve w : Ii ^ G with w{t)^:Ety = Et (t G /i). 

Proof. Define a smooth curve w : Ii ^ G hy w{t) := c{t) o o(t) (t G /i). This curve it; is a 
desired curve. q.e.d. 

Furthermore, we can show the following fact from this lemma. 

Lemma 6.5. There exists a smooth curve w : [0,1] ^ G with w{t)^:EQ = Et {t £ [0, 1]). 

Proof. Let G2^{N) := U {11 1 11 : 2r— dimensional anti — Kaehlerian subspace of T^N}, 

which is a submanifold of the Grassmann bundle of N consisting of 2r-dimensional sub- 
spaces. The group G acts on G2f'{N) naturally. Let I2 be the maximal interval such 

that to £ I2 and that U Et C G{Et^^). From Lemma 6.4, it follows that I2 is open. On 

te/2 

the other hand, since t ^ Et {t £ [0, 1]) is a continuous curve in G2^ {N), I2 is closed. 
Therefore we have I2 = [0, 1], which implies that the above interval Ii is equal to [0, 1]. 

q.e.d. 



Also we prepare the following lemma. 

Lemma 6.6. Fix to £ [0, 1]. Let g : (— e,e) -^ G be a smooth curve such that g{0) = e 
and that -r\t=ogit)c{to) is orthogonal to Etg, and X be the vector field along exp Et^ 

defined by X^ := —\t=og{t)x {x £ exp -Et,,). Then X is a normal vector field of exp Et^^. 

Proof. Denote by X^ the T(exp -E^)- component of X\ ^r. Let 7 : R ^ exp Et^ be a 

geodesic in exp E^ (and hence A^). Define a map 6 : {—£,£) xR ^ iV by 5{t, s) = g{t)^{s). 

86 
Since 5 is a geodesic variation, the variational vector field —\t=o (= A o 7) is a Jacobi field 

along 7. Hence X^ o 7 is also a Jacobi field. By using this fact, we have 

^(^R°7,7) = (V^V^(Ago7),7) = -(i?(Ago7,7)7,7) = 0. 

Hence we can express as {X^ o 7, 7)(s) = as + 6 (a, 6 G R). Since 7(R) is contained in the 
compact set exp Et^, we have sup 1 1 {X^ o 7, 7) 1 1 < 00. Therefore, we see that {X^ o 7, 7) 
is constant. Hence we have (V^(A^o7),7') = 0. Since this relation holds for any geodesic 
7 in exp E^, X^ is a Killing vector field on a flat torus exp E?-. This fact together with 
(A^)c(i(,) = implies that X^ = 0. Denote by X'^ the r(exp £'tQ)-component of X. 
We have only to show X'^ = 0. Since X"^ is real holomorphic (i.e., X'^ — y/—lJX^ : 
holomorphic) and X^ = on the totally real submanifold exp Et^ of exp E^q , we see that 
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X = along exp E^. Furthermore, it follows from the theorem of identity that X = 
on the whole of exp Et^ . This completes the proof. q.e.d. 

Let M be an anti-Kaehlerian submanifold with abelian normal bundle in N. Assume 
that exp^(T^M) is properly embedded for each x G M. By using Lemma 6.6, we can 
show the following fact. 

Lemma 6.7. Let x be a point of M and g : Ti ^ G he a C°°-curve such that g{0) = 
e, g{t)x £ M{t gK) and that g{t)^T^M = T^(^t)^M {t € R). Let c{t) := g{t)x (t G R). 

Then g{t)^: : T^M -^ T^^-.M is the parallel transport along c|[o,t] with respect to the 

normal connection V of M. 

Proof. Take an arbitrary v G T^M. Let 7^ be the geodesic in exp-'-(T^M) with 7^(0) = v 
and define a map 5 : R^ ^ iV by 5{t,s) := g{t){-fv{s)). Since S^,{-^) is a normal vector 
field of exp(T4^-,M) by Lemma 6.6 and exp(T4^-,M) is totally geodesic, we have 

d ~ d 

where V"*"* is the normal connection of exp(r4^-,M). Hence we have V;r5'(t)*f = 0. From 
the arbtrariness of v, this implies that g{t)^ : T^M -^ T\^sM is the parallel transport 
along c|[o^t] with respect to V"*". q.e.d. 

By using Lemmas 6.5 and 6.7, we can show the following fact. 

Theorem 6.8. Let M he as above. The normal connection of M is flat. 

Proof. Let c : I ^ M be a loop at x(g M) such that the homotopy class [c] of c is 
the identity element of the fundamental group '7ri(M, x). From the assumption, it follows 
that t -^ T\,.M satisfies the same conditions as the above t ^ Ef. Hence it follows 

c{t) ^ 

from Lemma 6.5 that there exists a smooth curve w : I ^ G with w(t)^:[T^M) = T^^-^M 

(t G /). Furthermore, it follows from Lemma 6.7 that w{l)^ : T^M -^ T^M is the parallel 
transport along c with respect to V^. The element w{\) of G is an isometry of the anti- 
Kaehlerian cylindrical product exp^(T^M) having a; as a fixed point. Furthermore, since 
[c] is the identity element of 7ri(M, x), w{l) preserves the orientation. Hence, since the 
full orientation-preserving isometry group of an anti-Kaehlerian cylindrical product is a 
free action, w{l) is the identity transformation of exp^(T^M) and hence t(;(l)* (i.e., the 
parallel transport along c with respect to V"*") is the identity transformation of T^M. 
From the arbitrariness of c, it follows that the restricted normal holonomy group of M at 
X is trivial, that is, the normal connection of M is flat. q.e.d. 
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7 Proofs of Theorems A, B and C 

Let M and F be as in Theorem A. Fix xq ^ F and Vq G T^ F with exp-'-(t'o) G M. Without 
loss of generahty, we may assume that < {vo,Vo) < (e^)^ or > {vo,Vo) > — (e]^)^, where 
Ep is as in Section 5. Let Lx„, Lx„, B^^{F) and B^^{F) be the quantities as in Section 
5 defined for F. Let irp : M ^ F he the focal map onto F and M^ be the component 
containing Vq of (exp-*-^ \j^± p)~^{TTp (a^o))) where exp-*-^ is the normal exponential map of 

XQ 

F. Then we can show the following fact. 

Lemma 7.1. The intersection L^f^Vo n M^ is open in Lxf^Vg. 

Proof. By imitating the proof of (11) in Page 91 of [B], we can show the statement of this 
lemma. q.e.d. 

By using Theorem 5.3, Lemmas 6.5, 6.7 and 7.1, we prove Theorem A. 

Proof of Theorem A. We suffice to show that M^^ is an open potion of Lx^Vo- In fact, M 
is then an open potion of B^^ (F) and each fibre of B^^ (F) are the image by the normal 
exponential map of a principal orbit of a pseudo-orthogonal representation on the normal 
space of F which is equivalent to the direct sum representation of an aks-representation 
and a trivial representation by Theorem 5.3. Let c : [0, 1] -^ M^ be a smooth curve 
with c(0) = Vo and vi be an element of T j_^. M with exp *f (fi) = xq. Let vi be the 

V"*"- parallel vector field along c := exp-*-^ oc with 'Ui(O) = vi, where V"*" is the normal 
connection of M. Define a vector bundle E along c hj Ft := T-^^^M [t G [0, 1]). For 
simplicity, set N := G/K. Since Ft is an anti-Kaehlerian and abelian subspace of T^u\N 
and exp^(£'j) is properly embedded by the assumption, it follows from Lemma 6.5 that 
there exists a smooth curve w : [0,1] ^ G with w{t){ex.p-^''{vo)) = c{t) and w{t)^,Eo = Ft 
{t G [0, 1]). Furthermore, it follows from Lemma 6.7 that w{t)^: : Fq ^ Ft is the parallel 
transport along c|ro^j] with respect to V . Hence we have w(t)*fi = vi{t). From this fact 
and exp-'-*f ('Ui(t)) = xq (i G [0, 1]), we have 

w{t){xo) = w{t){exp-^'^'{vi)) = exp-'-*^(tt)(t)*7;i) = xq, 
that is, wi^t) G K^f^, where K^^^ is the isotropy group of G at xq. Also, we have 

expjv(c(t)) = exp-^^(c(t)) = w{t){exp-^''{vo)) = expp^{w{t)^{vo)) 
and hence c(t) = w(t)*(fo) G K^qVo. From the arbitrariness of c, it follows that 
(7.1) M0„ C Kx,Vo. 

Let ^ be the Lie subalgebra of S0AK(Ti-^) generated by the set {pTi^x^ F° ^{'^Ij'"2)\t^ F I 

XQ XQ 

1^1,^2 G T;^^F} and set H := g^PsOak(T^ F) ^^ where e^PsOAKiT^ F) is the exponential 
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map of SOak{TxqF)- Clearly we have H C Lxq. Let v G T^Hvq n T;^^F. Then we 
have {R{vo,v)vo,v) = because R{vo,v)vo G T^^Uvq. This implies that Spanjt'ct'} 
is an abelian subspace of T^^F. Hence we see that Span{t;o,u} C T^^{KxqVq), that is, 
V G T^^{KxqVo). From the arbitrariness of f , we have TJ^Hvq n T^^F C T^{KxqVo) and 
hence Ty^{KxQVQ) n T!^-^ '^ T^^^'^o- ^"^ ^^^ other hand, it follows from Lemma 7.1 and 
(7.1) that 

T,„ift;o C T,„(4„«o) C r,„MO, C T,„(K,„t;o) n T^^F. 

Therefore, we obtain Tv^^{Lx^-)VQ) = Tt,gM^y. Similarly, we obtain T,^{Lx^fVQ) = TyM^^^ for 
other V £ M!^ . Hence we see that M^ is an open potion of LxqVq. This completes the 
proof. q.e.d. 

Next we prepare the following lemma to prove Theorem B. 

Lemma 7.2. Let tt" : G" ^ C'/K'' he the natural projection, <f : H°{[0,1],q'') -^ C 
he the parallel transport map for G^ and H^ he the horizontal space of the suhmersion 
ir^ ocp^ at u (g -^^"([0, 1], 0^)j. Then the restriction (vr^ o 0*^)1 .ff^ ofir'^ocjf to Hu is regarded 
as the exponential map of G^/K^ at (vr^ o </>^)(n) under the identification of H^ with 

T{-K^o4>^){u){G'' / K"). 

Proof. Let 7 (: R ^ G^/K'^) be a geodesic in G'^/K'^ and 7^ be the horizontal lift of 7 
to n G (vr'^ o (/)'^)~^(7(0)). Since tt*^ o (j)^ is an anti-Kaehlerian submersion, 7^ is a geodesic 
in H^{[0, l],0''). Since F°([0, 1],0^) is a flat space, we have 7^(t) = u + tj^{0) (g Hu), 
where t G R. From this fact, the statement of this lemma follows. q.e.d. 

Proof of Theorem B. Let M ^^ G/K be as in the statement of Theorem B and M^ ^^ 
G'^ jK'^ be the (extrinsic) complexification of M, where we note that G'^ jK'^ is a semi- 
simple anti-Kaehlerian symmetric space of non-positive curvature. Define a distribution 
Eo on W by (£"0)0; := n (Ker^^ n ¥.>srR''{-,v)v) {x G M^), where A"" is the shape 

tensor of M^ and B^ is the curvature tensor of G^ jK^ . Then M^ is an open potion 
of a product submanifold M"' x Gg/KJ (c G"' jK"" x GlJKl = G'^/K''), where the 
decomposition G^' /K^' x Gq/Kq is an anti-Kaehlerian product such that the distribution 
T{Gq/Kq) on M*^' X Gq/Kq is the extension of Eq and M^' is an anti-Kaehlerian equifocal 
submanifold in G^'/K"'. Denote AT" x G^/K^ by M^ newly and T{GyK^) by Eq newly. 
Fix X G M^. Since M^ is proper anti-Kaehlerian equifocal, the focal set F of M^ at x 
consists of infinitely many complex hyperplanes {1\}xi=a in T^{M'^). Take a focal normal 
vector field v such that Vx G Ixq for some Aq G / and that Vx ^ Ix {X £ I \ {Aq}). Denote 
by E the focal distribution for v. Now we shall show that each leaf of E is the image 
by the normal exponential map of an open potion of a complex sphere of a normal space 
of the focal submanifold F := fy{M^), where /„ is the focal map for v. Let L be a leaf 
of E. Denote by E the focal distribution on (vr^ o (^^)~^(M'^) corresponding to E. Set 
F := (vr*^ o 0'^)~^(F), which is a focal submanifold corresponding to E. It is clear that L 
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is the image of some leaf L oi E hy tt^ o cp'^ . According to Theorem 2 of [K2], L is an open 
potion of a complex sphere in the normal space T^ F of F at some uq G F. According to 
Lemma 7.2, (vr'^ o (j)^)\rp± p is regarded as the normal exponential map expf cq^acv^ ) of F 

at (7r^o,^^)(uo) under the identification of T^^F(c r„„FO([0, 1],0'^) = i:f°([0, 1],0^)) with 
Tr^c^Ac)/^ )F. Therefore, we see that L is the image of an open potion of a complex sphere 
in T^ao^a)(^u^^)F by exp^co^c)(ug)- Let (£ := {Ei}i^i be the family of all focal distributions 
on M*^ whose leaves are the images by the normal exponential map of open potions of 
complex spheres of the normal spaces of focal submanifolds. Then it follows from the 
above fact that Eq(B'^ Ei = TM'^. Also, it is clear that / is finite. Let ^ = {-Ei, • • • , E^}. 

i&I 

Take a focal normal vector field vi with Ker/^^^, = Ei and that Fi := /„^(M^). Take 
uii G T Fi with exp ^i(zi;i) G M^, where exp ^i is the normal exponential map of Fi. 
According to the proof of Theorem A, the partial tube i?^j(Fi) includes M'^ as an open 
potion. It is clear that B^^ (Fi) is proper anti-Kaehlerian equifocal. Let {-Ei, • • • , -Efc} be 
the family of all focal distributions of Bwi{Fi) with Ei\M<= = Ei [i = 1, • • • , fc). Take a 
focal normal vector field V2 of Bw^iFi) with Kei fy^* = E2 and set F2 := fy^{Byj^{Fi)). 
Take W2 G T F2 with exp ^2(ti;2) g By,^{Fi), where exp ^2 is the normal exponetial map 
of F2. According to the proof of Theorem A, the partial tube B^^ {F2) includes B^^ (Fi) as 
an open potion. It is clear that 5^3(^2) is proper anti-Kaehlerian equifocal. In the sequel, 
by repeating (k — 2)-times the same process, we obtain the complete extension M'^ of M^. 
From this construction of M*^ and Theorem A, the statements (i) and (ii) of Theorem B 
follow. q.e.d. 

Next we prove Theorem C. 

Proof of Theorem C. Let {Eq,Ei,- ■ ■ ,EjS\ be as in the statement (ii) of Theorem B. 
Fix X = gK G M. Since M is curvature-adapted, each {Ei)x {i = l,---,fc) is ex- 
pressed as {Ei)x = © (Ker(^^ — Aid) n Ker(i?(-, t;)?; — ;uid))^ for some unit normal 

{A,^)G5 

vector f of M at x, where A is the shape tensor of M and R is the curvature tensor 
of G/K, S" is a subset of (SpecA„ x Speci?(-,f)f) \{(0,0)}. Hence we have {Ei)x n 
T^M = © (Ker(A„ - Aid)nKer(i?(-,f)w-^id)). Also, we have (E^o)^ n T^jM = 

n (Ker Ay n Ker R{-,v)v) . From these relations, the statement of Theorem C follows. 

q.e.d. 

8 Examples 

Let M be a principal orbit of a Hermann type action H x G/K -^ G/K and 9 be the 
Cartan involution of G with (Fix^)o C K C Fix 9 and a be an involution of G with 
(Fix(T)o C H C Fixer. Without loss of generality, we may assume that a o 9 = 9 o a. It is 
shown that M is proper complex equifocal and curvature-adapted (see [K3]). Denote by A 
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the shape tensor of M. Then H{eK) is a totally geodesic orbit (which is a singular orbit 
except for one case) of the //-action and M is catched as a partial tube over H{eK). Let 
L := Fix((To0). The submanifold ex.p-^{T^{H{eK))) is totally geodesic and it is isometric 
to the symmetric space L/HCiK, where exp-*- is the normal exponential map of H{eK). Let 
0, f and t) be the Lie algebras of G, K and H. Denote by the same symbols the involutions 
of associated with 9 and a. Set p := Ker(0 + id) (c g) and q := Ker((T + id) (c g). Take 
X := exp-L(^) = eii.Y>G{i)K G M n eyiv^{T^j^{H{eK))), where C G P = Ker(6' + id) (c fl). 
For simplicity, set g := exp(^(^). Let S be the section of M through x, which pass through 
eK. Let b := T^k'^, a be a maximal abelian subspace of p := T(,k{G / K) containing b, A 
be the root system with respect to a and p = a+ ^ pa be the root space decomposition 

with respect to o. Set p' := pnq(= T^p^{H{eK))). The orthogonal complement p' of p' in 
p is equal to p n f). Set A = {a\^ | a G A s.t. a|[, 7^ 0}, which is a root system by Theorem 
B of [K6]. Let A^_ be a positive root system of A with respect to some lexicographic 

ordering, p^ := ^ p« for (3 £ A+, A J := {/3 G A+ | p'^ n p^ / {0}} and 

aeA+ s.t. a|(,=±/3 

A_,_ := {j3 £ A_|_ I p' n p/3 / {0}}. Since both p' and p' are Lie triple systems of p and 
b is contained in p', we have p'"^ = i„,±{b) + ^ (p'"^ n p/3) and p' = b + ^ (p' n p/3). 

Note that A := A_|_ U (— A_|_) is the root system of the symmetric space L/H n K. Take 
r] G T^M. For each X G p'"^ n p/3 (/? G A+), we have A^X^ = -P{fi)taiih(3{(,)X^ (see 
the proof of Theorem B of [K3]), where X^ is the horizontal lift of X to ^ (see Section 
3 of [K3] about this definition) and fj is the element of b with exp;^£(r^) = rj (where fj is 
regarded as an element of T^p' under the natural identification of p' with T^p'. Also, for 

each Y G T^{M D exp-L(p')) n g^p^ {(3 G A^), we have Ar,Y = --[^^(TjY (see the proof 
of Theorem B of [K3]). By using these relations, for the focal set F of M^ at x, we have 




V/3GApez J 

U U(-e + (/3T'((j + ^K^^))|, 

where P^ is the complexification of /?. Let FD^^ := {Ei \i = 1, • • • , A;} be the family of 
all focal distributions of M^ whose leaves are the images by the normal exponential map 
of complex spheres in the normal spaces of focal submanifolds and FW^ := {{Ei)x \ i = 
1, • • • , A;}. For each /? G A, we set 

El,:=g.{ppr^p'r (/3GA+) and E^, := g^ipp^p'^f (/3 G aJ). 
Then we have 
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Also, for each subspace E of T^W, we set FN{E) := {v £ T^M''\Kei:{fy)*x = E}, 
where v is the parallel normal vector field of M^ with Vx = v and f^ is the focal map 
for V. For /3 G A^ with 2/?, i/3 ^ A+, E^^ is a member of FD^' and, for /?' G A+ 
with 2(3', i/3' ^ A+, ^^,^ is a member of F^J^ In fact, E^^^ (resp. £;^^^) is the focal 
distribution for a focal normal vector field v with v^ G (— .^ + (/3^)~^(0)) \ {g^^F \ {—^ + 
(/3^)-i(0))) (resp. t;, G {-C + {(3"^y\^./^))\{g^^F\{-^ + {P'^'rH^V^m- Hence, 
according to Theorem 2 in [K2], we have EY ^, E¥, ^ G FW^^. However, for j3 G A^ 
with 2/3 G A_|_ or ^/5 G A^, -E'|'^ is not necessarily a member of FW^ but there exists 
E G FDf with E^ D F^^. For example, if /3 G A^, i/3 G aJ n A^ and 2/3 ^ A+, 
then we have F^^ i FD^' but F;^'^ © E^^ G FZ)^* and F;^'^ © FL G FD^^ In 
fact, F^ © E¥„ (resp. EY ^ © EY „ ) is the focal distribution for a focal normal vector 

Pi^ fPi^ '^' 5Pi^ 

field V with i;, G (-^ + (/3'^)-i(vr^/^)) \ (5*"^F \ (-^ + (/3-)-i(7ry^))) (resp. v^ G 
(-?+ (/3'')"nO)) \ (5=7^^\ (-^ + (/3'')"nO)))) but there exists no focal normal vector field 
having EY ^ as a focal distribution. Similarly, for /?' G A^ with 2(3' G A_,_ or i/3' G A_|_, 
FI^^ is not necessarily a member of FW^ but there exists E' G FF^* with E' D Eg, ^. 
Thus, if A (which is the root system) is reduced, then we have TM^ = ©|^qFj (orthogonal 
direct sum), where Eq is defined by (Fo)^ := n (KerA^DKer R^{-,v)v) (x G M^) 

and {El, ■ ■ ■ , F^} = FD^^ . However, if A is not reduced, then we have TM^ = X]j=o -^* 
but the right-hand side is not necessarily an orthogonal direct sum. Assume that A is 
reduced. For each i G {1, • • • , k}, we have {Ei)x = EY ^ or F?^ for some /3 G A. It is 
easy to show that the leaves of E^ := Ei\M HTM are diffeomorphic to a sphere (resp. an 
afRne space) in case of {Ei)^ = EY (resp. E¥^). After all M is orthogonally netted by 
some foliations consisting of (topological) spheres and some foliations consisting of leaves 
which is diffeomorphic to an affine space. 
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